Abstract. We find a relationship between the global dimension of an algebra A and the global dimension of the endomorphism algebra of a τ -tilting module, when A is of finite global dimension. We show that, in general, the global dimension of the endomorphism algebra is not always finite. For monomial algebras and special biserial algebras of global dimension two, we prove that the global dimension of the endomorphism algebra of any τ -tilting module is always finite. Moreover, for special biserial algebras, we give an explicit bound.
Introduction
Let A be a finite dimensional algebra over an algebraically closed field k. The τ -tilting theory was introduced by T. Adachi, O. Iyama and I. Reiten in [AIR] . In such a work, the mentioned authors developed a generalization of the classical tilting theory where the process of mutation is always possible. The basic idea of a mutation is to replace an indecomposable direct summand of a tilting module by another indecomposable module in order to obtain a new tilting module. For the process of mutation to be always possible the authors considered the notion of τ -rigid modules introduced by M. Auslander and S. Smalø in [AS] and, moreover, they also considered the notion of support tilting module introduced by C. Ingalls and H. Thomas in [IT] . In this wider class of modules it is possible to model the process of mutation inspired by the cluster tilting theory. In this way we get that an almost complete support τ -tilting module over a finite dimensional algebra has exactly two complements, and therefore, the mutation is always possible. Support τ -tilting modules are very closely related with functorially finite torsion classes in mod A, with cluster tilting theory and with silting theory, between others.
Let M be a (classical) tilting module in the category mod A. Then it is well-known that gldim End A M ≤ gldim A + 1, see [ASS, Chapter VI, Theorem 4.2] . In general, if we consider N a tilting module of finite projective dimension, then we know that gldim End A N ≤ gldim A + pd A N , see [M, Corollary 2.4] . In this paper we investigate how to extend these facts to the context of τ -tilting modules.
Given T a τ -tilting A-module and B = End A T , we are mainly interested to compare the global dimension of A and the global dimension of B. More precisely, if A has finite global dimension then we prove the following result.
Theorem A. Let A be an algebra of finite global dimension, T be a τ -tilting A-module and B = End A T . Then gldim A ≤ gldim B + pd A (A/ann T ) + 1, where ann T is the annihilator of T .
In case we deal with (classical) tilting modules or with tilting modules of finite projective dimension, if A is of finite global dimension then the endomorphism algebra of such modules is always of finite global dimension. In general, this is not the case for τ -tilting modules. For example, for n ≥ 3, we find a family of algebras A n of global dimension n and τ -tilting A n -modules T n such that gldimEnd An T n = ∞, see Example 2.8.
A natural question is to know if the endomorphism algebra of a τ -tilting module over an algebra of global dimension two has always finite global dimension. In order to give an answer to the above question we consider two families of algebras; the monomial and the special biserial algebras. The main key to give a solution to this problem is to study the generators of the annihilator of a τ -tilting module. We show that the generators of the annihilator of a τ -tilting module are related with the relations of the algebra. More precisely, we prove Theorem B.
Theorem B. Let A = kQ/I be an algebra, T be a τ -tilting A-module and ρ ∈ ann T be a non-zero path of length greater than or equal to two such that no proper subpath of ρ belongs to ann T . Then one of the following conditions hold:
i) There exists a non-zero path γ such that γρ is a zero-relation in A, or ii) There exist non-zero paths γ i , γ and non-zero scalars λ i ∈ k such that γρ + i∈I λ i γ i is a minimal relation in A, where I is a finite set of indices.
For monomial algebras of global dimension two we prove the following result.
Theorem C. Let A = kQ/I be a monomial algebra of global dimension two, T be a τ -tilting A-module and B = End A T . Then gldim B < ∞.
Another natural question is to know if there exists an explicit bound for the gldim End A T where A is a monomial algebra. In Example 3.7, we show that this is not the case. On the other hand, for special biserial algebras we also prove that the global dimension of the endomorphism algebra of a τ -tilting module over these algebras is always finite and, moreover, we give an explicit bound, proving Theorem D.
Theorem D. Let A = kQ/I be a special biserial algebra such that gldim A = 2, T be a τ -tilting A-module and B = End A T . Then gldim B ≤ 5. This paper is organized as follows. In the first section we fix some notation and present some preliminaries results. Section 2 is dedicated to prove Theorem A and we prove that the endomorphism algebra of a τ -tilting module is not necessarily of finite global dimension. In section 3, we study the annihilator of a τ -tilting module and we prove Theorem C and Theorem D.
Preliminaries
Throughout this paper, all algebras are basic connected finite dimensional algebras over an algebraically closed field k. For an algebra A we denote by mod A the category of finitely generated right A-modules.
1.1. A quiver Q is a quadruple (Q 0 , Q 1 , s, t) where Q 0 is the set of points of Q, Q 1 is the set of arrows of Q, and s, t are functions from Q 1 to Q 0 which give, respectively, the source s(α) and the target e(α) of a given arrow α.
A path in a quiver Q is a sequence γ = α 1 ...α n such that e(α i ) = s(α i+1 ) for 1 ≤ i < n, as well as the symbol e i for i ∈ Q 0 . The paths e i are called trivial paths and s(e i ) = e(e i ) = i. For a non-trivial path γ = α 1 ...α n , we have that s(γ) = s(α 1 ) and e(γ) = e(α n ).
A path γ of length l ≥ 1 with source a ∈ Q 0 and target b ∈ Q 0 is a sequence of l arrows α 1 , ..., α l such that s(α 1 ) = a, e(α l ) = b and s(α i+1 ) = e(α i ), for 1 ≤ i ≤ l − 1. If e i is a trivial path, then the length of e i is zero.
Given an algebra A, there exists a unique quiver Q A and (at least) a surjective algebra morphism η : kQ A → A, where kQ A denotes the path algebra of Q A . Setting I = ker η, we then have A ∼ = kQ A /I. The morphism η is called a presentation of A, and A is said to be given by the bound quiver (Q A , I). The ideal I is generated by a finite set of relations.
A relation in Q A from a vertex x to a vertex y is a linear combination ρ = n i=1 c i w i , where c i ∈ k \ {0} is non-zero for i = 1, . . . , n, and for all i, w i are paths of length at least two from x to y.
A relation ρ ∈ I is said to be minimum if ρ = i β i ρ i γ i , where ρ i is a relation for each i, then there exists i such that β i , γ i ∈ k. In this work, the word relation means minimum relation in this sense.
c i w i is monomial or a zero-relation if m = 1 and minimal if m ≥ 2 and, for every non-empty and proper subset J of {1, . . . , m}, we have that
Moreover, a pair (p, q) of non-zero paths p and q from a vertex a to a vertex b is called a binomial relation if λp + µq ∈ I, with λ, µ ∈ k − {0}. We say that p and q are the maximal subpaths of (p, q). Given a finite quiver Q, we denote by M = (M a , ϕ α ) (a∈Q 0 , α∈Q 1 ) a representation of Q. For a detail account on representation of quivers we refer the reader to [ASS, Chapter III, Lemma 2.1].
1.2. Recall that an algebra A = kQ/I is said to be monomial if the ideal I is generated by paths. In [GHZ] , E. Green, D. Happel and D. Zacharia gave an algorithm for computing projective resolutions of the simple modules over monomial algebras. In particular, the authors gave a bound for the global dimension of a monomial algebra in terms of the relations.
We recall here some definitions and results that shall be useful for our purposes. We refer the reader to [GHZ] for a detail account on this topics.
Let (B, ρ) be a directed path with a minimal set of relations ρ. Given two vertices u, w in B we say that u < w if there exists a directed path from v to w. Definition 1.1. [GHZ] Let v 0 be a vertex of a directed path (B, ρ). We define inductively the associated sequence of relations S of v 0 (along B) as follows: if there is no r ∈ ρ such that s(r) = v 0 , then S = ∅. Assume there is r 1 ∈ ρ such that s(r 1 ) = v 0 . Let r 2 be the relation in ρ (if it exists) such that s(r 1 ) < s(r 2 ) < e(r 1 ) where s(r 2 ) is minimal satisfying this inequality. Assume that we have constructed r 1 , r 2 , . . . , r i . Let
If R i+1 = ∅, let r i+1 be such that s(r i+1 ) is minimal with r i+1 ∈ R i+1 . Then S is the sequence r 1 , r 2 , . . . , r N where N is either 
be the associated sequence of relations of v 0 and x i = e(r i ).
is the minimal projective presentation of S(v 0 ), and if N = ∞ then pd B S(v 0 ) = ∞ and its minimal projective resolution is
Using the above result and the topological universal cover of a quiver, the authors gave an algorithm to compute the projective resolutions of simple modules over monomial algebras, see [GHZ, Theorem 2.3] . As a consequence of this fact, they proved the following proposition that leads to a certain type of periodicity in the projective resolution of the simple A-modules of infinite projective dimension. Proposition 1.3. [GHZ, Corollary 2.5] Let A be a monomial algebra. Assume that S is a simple A-module such that pd A S = ∞. Let
be a minimal projective resolution of S. Then, there exists a sequence of indecomposable projective A-modules P 1 , P 2 , . . . , P t and a positive integer l such that P i is a direct summand of A m+l+i for all m ≥ 0 and for i = 1, . . . , t.
Remark 1.4. Consider ( Q, ρ) the universal cover of (Q, ρ) and Φ : ( Q, ρ) → (Q, ρ). In the proof of the Proposition 1.3, the authors show that if v is a vertex in Q such that the simple module S(v) has infinite projective dimension, then it is possible to construct an infinite sequence of minimal relations r * 1 , r * 2 , . . . , r * n , . . . associated to v * in ( Q, ρ), with Φ(v * ) = v and a, b integers with 1 ≤ a < b, such that r * i = r i for i = 1, . . . , b + 1 and Φ(r * lb+j ) = Φ(r a+j ) for l ≥ 1 and 0 ≤ j ≤ b−a−1. As a consequence, there exists a sequence of relations associated to v in (Q, ρ) that winds up around a fixed cycle. Furthermore, since e(r * i−1 ) < s(r * i+1 ) < e(r * i ) in ( Q, ρ), there exist non-zero paths γ j , for j = 1, . . . , n, such that r j = γ j γ j+1 for j = 1, . . . , n − 1 and r n = γ n γ 1 , where γ 1 is a subpath of γ 1 .
1.3. We recall the definition of special biserial algebra. Definition 1.5. An algebra A is special biserial if A ∼ = kQ/I with (Q, I) a quiver with relations satisfying the following conditions: a) Each vertex of Q is start-point or end-point of at most two arrows. b) For an arrow α, there is at most one arrow β such that αβ / ∈ I and at most one arrow γ such that γα / ∈ I.
Next, we fix some notation and terminology that shall be used in this work. Let A = kQ/I be a special biserial algebra. A walk w is called reduced if either w is trivial or w = c 1 . . . c n such that c i or c for all 1 ≤ i ≤ n. A reduced walk w in Q is called a string if each path contained in w is neither a zero-relation nor a maximal subpath of a binomial relation.
Let A = kQ/I be a special biserial algebra. Let w be a string in (Q, I). We denote by M (w) the string module determined by w. Recall that if w is the trivial path at a vertex a, then M (w) is the simple module at a. Otherwise w = c 1 c 2 . . . c n where n ≥ 1 and c i or c −1 i is an arrow. For 1 ≤ i ≤ n, let U i = k; and for 1 ≤ i ≤ n we denote by U c i the identity map sending x ∈ U i to x ∈ U i+1 if c i is an arrow and otherwise the identity map sending x ∈ U i+1 to x ∈ U i . For a vertex a, if a appears in w, then M (w) a is the direct sum of spaces U i with i such that s(c i ) = a or i = n + 1 and e(c n ) = a; otherwise M (w) a = 0. For an arrow α, if α appears in w, then M (w) α is the direct sum of the maps U c i such that c i = α or c −1 i = α; otherwise M (w) α is the zero map. In some cases, if we deal with a projective module we write P (w) instead of M (w).
The following theorem of [HL] gives a combinatorial characterization of the special biserial algebras such that the global dimension is at most two. Theorem 1.6. [HL, Theorem 3.4 ] Let A = kQ/I be a special biserial algebra. Then the global dimension of A is at most two if and only if (Q, I) satisfies the following properties:
(GD1) The start-point of a binomial relation does not lie in another different binomial relation. (GD2) There is no path of the form p 1 p 2 p 3 , where p 1 , p 2 , p 3 are non-trivial paths such that p 2 is a string and p 1 p 2 , p 2 p 3 are the only zero-relations contained in the path. (GD3) Let (αpβ, γqδ) be a binomial relation, where α, β, γ, δ are some arrows and p, q are paths. If u is a non-zero path with e(u) = s(α), then either uαp or uγq is non-zero. Dually if v is a non-zero path with s(v) = e(β), then either pβv or qδv is non-zero.
1.4. We recall that an A-module M is said to be τ -rigid if Hom A (M, τ M ) = 0, where τ is the Auslander-Reiten translation.
By the Auslander-Reiten formula [ASS, Chapter IV Theorem 2.13] every rigid module is τ -rigid and every tilting module is τ -tilting. Moreover, it follows from [AIR, Proposition 2.2] that any τ -tilting A-module is a tilting A/ann T -module, where ann T denotes the annihilator of T .
We recall the following lemma of [AIR] that shall be useful.
Lemma 1.8. [AIR, Proposition 2.4 ] Let A be a finite dimensional algebra. Let X be in mod A with a projective presentation P 1
Moreover, the converse holds if the projective presentation is minimal.
A general bound
We start studying homological relations between A and A/ann T , or more generally between A and A/J with J a nilpotent ideal of A.
2.1. Change of rings functors. Let A be an algebra and J be a nilpotent ideal of A. Consider the algebra morphism ϕ : A → A/J given by a → a = a + J. This morphism induces an exact functor U : mod A/J → mod A. More precisely, for each A/J-module M the functor U gives an A-module structure. Thus, we get a natural immersion of mod A/J in mod A.
On the other hand, we consider the functor
It is well-known that (F, U ) is an adjoint pair of functors and if P is a projective A-module then A/J ⊗ P is a projective A/J-module.
Since J is a nilpotent ideal, then J ⊂ rad A. Thus, rad(A/J) ∼ = rad A/J .
Lemma 2.1. Let A be an algebra and J a nilpotent ideal of A.
Proof. It is clear that f ⊗ 1 is an epimorphism and A/J ⊗ A P is a projective A/J -module.
It is only left to prove that top(A/J ⊗
Hence, by [ASS, Chapter 1, Lemma 5.6] we have that 1
The following lemma is the main key to establish a relationship between the global dimension of A and the global dimension of A/J. Lemma 2.2. Let A be an algebra and J a nilpotent ideal of A.
Proof. Consider M ∈ mod A with pd A M = n. Then there exists a minimal projective resolution of M as follows: (1), we obtain the exact sequence
On the other hand, since Tor
By Lemma 2.1, we get that
Proposition 2.3. Let A be an algebra of finite global dimension and J be a nilpotent ideal of A. Then gldim A ≤ gldim (A/J) + pd A (A/J).
Proof. Let M ∈ mod A and n = pd A (A/J). Consider the exact sequence
with each P i a projective A-module for i = 1, . . . , n − 1 and
2.2. The endomorphism algebra of a τ -tilting module. Given T a τ -tilting A-module, since T is sincere then ann T is a nilpotent ideal. As an application of Proposition 2.3 we obtain a relationship between the global dimension of A and the global dimension of B, where B = End A T .
Therefore, gldim B = ∞ if and only if gldim A/ann T = ∞.
As an application of Lemma 2.3, we obtain Theorem A.
Theorem 2.5. Let A be an algebra of finite global dimension, T be a τ -tilting A-module and B = End A T . Then
Proof. Since ann T is a nilpotent ideal, it follows from Lemma 2.3 that gldim A ≤ gldim A/ann T + pd A (A/ann T ). If gldim A/ann T = ∞, then gldim B = ∞ and we have nothing to prove. Otherwise, gldim A/ann T ≤ gldim B + 1. Then,
Remark 2.6. We claim that pd A (A/ann T ) ≤ pd A T ≤ pd A (A/ann T ) + 1. In fact, since T is a tilting (A/ann T )-module then pd A/ann T T ≤ 1. Thus, there exists an exact sequence:
On the other hand, there exists a short exact sequence:
As a consequence, there is a relationship between the bound given by Proposition 2.5 and the bound given by Y. Miyashita in [M] for the global dimension of the endomorphism algebra of a tilting module of finite projective dimension.
In the following example we show that the bound given in Proposition 2.5 for the global dimension of the endomorphism algebra of a τ -tilting module is minimum.
Example 2.7. Let A = kQ/I be the algebra given by:
a τ -tilting A-module. In this case, ann T =< γ >.
Then A/ann T is given by the following disconnected quiver:
. Note that all the direct summands of A/ann T are projective A-modules except for the direct summand S 4 . Then, pd A (A/annT ) = pd A S 4 = 2. The endomorphism algebra B = End A T is the following disconnected hereditary algebra:
Then, gldim B = 1. Therefore
Given A an algebra of finite global dimension, it is well-known that the global dimension of the endomorphism algebra of a tilting A-module is always finite, see [ASS, Chapter VI, Theorem 4.2] . More generally, the same fact occurs if we consider the global dimension of the endomorphism algebra of a tilting A-module of finite projective dimension, see [M] . The global dimension of the endomorphism algebra of a τ -tilting module is not always finite, as we show in the next example.
Example 2.8. Consider A = kQ/I the algebra given by the following quiver:
with I =< λθ, αβ, λβα >.
Observe that gldim A = 3. Consider the τ -tilting A-module T = The annihilator of T is generated by the path βα. Then A/ann T is given by the following quiver:
The minimal projective resolution of S 1 ∈ A/ann T is . . .
We end up this section showing a family of algebras where the global dimension of the endomorphism algebra of a τ -tilting module is infinite.
In general, for all n = k + 3, with k ≥ 0, we found an algebra A n of global dimension equal to n and, for each n, a τ -tilting A n -module T n such that B n = End T n is of infinite global dimension. In fact, consider A n = kQ n /I n , where Q n is as follows
. The minimal projective presentation of U 1 (in any algebra A n ) is
Then, we have the following exact sequence
. Similarly, if we consider U 2 = 4 1 3 2
. The minimal projective presentation of U 2 is as follows
Hence, τ U 2 ∼ = S 2 .
Consider the module T n = a k i=a 1
⊕ 2, then we get that T n is a τ -tilting A n -module. It is not hard to see that ann T n =< βα >. Furthermore, gldim A/ann T = ∞. Therefore, gldim End T n = ∞.
Algebras of global dimension two
The aim of this section is to study the global dimension of the endomorphism algebra of a τ tilting module over an algebra of global dimension two. We focus our attention in two families of algebras; the monomials algebras and the special biserial algebras. We prove that if T is a τ -tilting module over these algebras then its endomorphism algebra is of finite global dimension. We conjecture that this result holds in general for any algebra of global dimension two.
We start studying the generators of the annihilator of a τ -tilting module. We show that the generators of the annihilator of a τ -tilting module are related with the relations in the algebra A. This is the main key for our purposes.
Theorem 3.1. Let A = kQ/I be an algebra, T be a τ -tilting A-module and ρ ∈ ann T be a non-zero path of length greater than or equal to two such that no proper subpath of ρ belongs to ann T . Then one of the following conditions hold:
Proof. Assume that conditions i) and ii) do not hold.
T i be a τ -tilting A-module, with each T i an indecomposable A-module for i = 1, . . . , r. Let ρ = α 1 . . . α n be a path in Q from a to c, with α j ∈ Q 1 for j = 1, . . . , n, such that ρ ∈ ann T and where no proper subpath of ρ belongs to ann T . In particular, α 1 . . . α n−1 / ∈ ann T and α 2 . . . α n / ∈ ann T . Since ann T = r j=1 ann T j , then there exist
and P (i) be the indecomposable projective A-module corresponding to the vertex i.
To define a morphism g : P 0 → T l we introduce specific bases for each of the representations T l and P 0 . For each i ∈ Q 0 , let {m i 1 , . . . , m i d i } be a basis for (T l ) i , and thus B ′ = {m ij | i ∈ Q 0 , j = 1, . . . , d i } is a basis for T l . For the projective modules we consider the basis defined in [ASS, Chapter III, Lemma 2.1]. Let be a basis of P 0 . We define g : P 0 → T l on the basis B as follows:
and we extend g linearly to P 0 . It follows that g is an epimorphism, but in general it is not minimal. If we denote by ( P 0 , g) the projective cover of T l , there exists a commutative diagram:
such that g = gπ y P 0 is a direct summand of P 0 . Since α 1 . . . α n−1 / ∈ ann T l , we have that ϕ α n−1 . . . ϕ α 1 = 0. Moreover, there exists a non-zero path ǫ 1 . . . ǫ m from x to a in Q such that S(x) is a direct summand of top T l and ϕ α n−1 . . . ϕ α 1 ϕ ǫm . . . ϕ ǫ 1 = 0. Thus, there exists a non-zero element m xrx of the basis of (T l ) x such that ϕ ρ ϕ ǫm . . . ϕ ǫ 1 (m xrx ) = m = 0.
Since P (x) is a direct summand of P 0 , g and g coincide in P 0 , then
Moreover, since α 1 . . . α n−1 α n does not satisfy i), then the path ǫ 1 . . . ǫ m α 1 . . . α n is non-zero and
We claim that ǫ 1 . . . ǫ m α 1 . . . α n / ∈ rad(ker g) and, in consequence S(c) is a direct summand of top (ker g). Indeed, since ǫ 1 . . . ǫ m α 1 . . . α n ∈ (ker g) c , according to [ASS, Chapter III, Lemma 2.2] we have that
In the representation of ker g, the morphisms ψ λ are the restriction of the morphisms in P 0 , i.e, the multiplication by arrows. If ǫ 1 . . . ǫ m α 1 . . . α n ∈ rad (ker g), then
with η y ∈ (ker g) y , getting a contradiction, because condition ii) does not hold. Therefore, S(c) is a direct summand of top (ker g).
On the other hand, since α 2 . . . α n / ∈ ann T h , then ϑ αn . . . ϑ α 2 = 0. Thus, S(c) is a composition factor of T h . Then, there exists a non-zero element t ∈ (T h ) c . We define θ : P c → T h such that θ(e c ) = t = 0 and if w is a path starting at the vertex c, θ(w) = ϑ w (t). Consider the morphism θ :
Since Hom A (T h , τ A T l ) = 0, by Proposition 1.8 the morphism
is surjective. Then, there exists a morphism ψ : P 0 → T h such that θ = ψf . In particular, t = θ(e c , 0) = ψf (e c ) = ψ(ǫ 1 . . . ǫ m α 1 . . . α n ). We have the following commutative diagram:
It follows that ψ c * α n · · · * α 1 = ϕ αn . . . ϕ α 1 ψ a , where * α i is the morphism of the representation of P 0 which is the multiplication by α i . Then,
Hence t = 0, which is a contradiction.
Next, we show an example of certain τ -tilting module that satisfies statements i) and ii) of the above proposition.
Example 3.2. Let A = kQ/I be the algebra given by the following quiver:
where I =< αγλ − βδ, λǫµ >. Consider the τ -tilting A-module
If we compute the annihilator of T , we get that ann T =< δ, γλ, ǫµ >. Thus, the path γλ is associated to the minimal relation αγλ − βδ, and ǫµ is related with the zero-relation λǫµ.
In the next result we give a nice presentation of A/ann T , when T is a τ -tilting module.
Lemma 3.3. Let A be an algebra and η A : kQ A → A be a presentation of A, with I A = ker η A . Let T be a τ -tilting module such that ann T is generated by paths. Then there exits a presentation η A/ann T : kQ A/ann T → A/ann T such that η A/ann T π = πη A , where π : A → A/ann T is the projection morphism and π : kQ A → kQ A/ann T is a surjective map. Moreover,
Proof. Let Q be the quiver define as follows:
Then we have a surjective map π : kQ A → kQ as follows:
π(e x ) = e x for all x ∈ (Q A ) 0 .
It is clear that ker π = α ∈ (Q A ) 1 | α ∈ ann T . Consider π : A → A/ann T the usual projection. For α ∈ ann T we have that πη A (α) = 0. Thus, ker π ⊂ ker πη A . Then, there exists a unique morphism η A/ann T : kQ → A/ann T such that η B π = πη A , as we can see in the following diagram:
We claim that I A/ann T = ker η A/ann T is an admissible ideal.
First, we prove that I A/ann T ⊂ r 2 Q . Assume that I A/ann T is not included in r 2 Q . Consider γ ∈ I A/ann T and γ / ∈ r 2 Q . Then, there exist arrows β 1 , . . . , β m in Q, c 1 , . . . , c m non-zero scalars and ρ ∈ r 2 Q such that
Consider γ an element of kQ A . We get that
Hence, η A (γ) = γ + I A ∈ ker π = ann T . Then there exist a 1 , . . . , a l non-zero scalars, α 1 , . . . , α l arrows that belong to ann T and λ ∈ ann T ∩ r 2 Q A such that
Since I A is an admissible ideal and ρ, λ ∈ r 2
a j α j , which is a contradiction because the arrows α j are not in
On the other hand, there exists n ∈ N such that r n Q A ⊂ I A . Since Q is a subquiver of Q A we have that r n Q ⊂ r n Q A . Thus, r n Q ⊂ I A . Let x ∈ r n Q , then η A/ann T (x) = η A/ann T π(x) = πη A (x) = 0 because x ∈ I A . Hence, r n Q ⊂ I A/ann T and I A/ann T is an admissible ideal. Since the quiver of an algebra is uniquely determined, then Q = Q A/ann T and η A/ann T : kQ → A/ann T is a presentation of A/ann T .
Next, we prove that I A/ann T = kerη A/ann T = I A ∩ kQ A/ann T , ann T ∩ kQ A/ann T . Let y ∈ I A/ann T . Then,
Thus, η A (y) ∈ ker π = ann T . Then there exists z ∈ ann T such that η A (y) = y + I A = z. Hence, y ∈< I A ∩ kQ A/ann T , ann T ∩ kQ A/ann T >.
Conversely, let z ∈< I A ∩ kQ A/ann T , ann T ∩ kQ A/ann T >. Then z = z 1 + z 2 , with z 1 ∈ I A ∩ kQ A/ann T and z 2 ∈ ann T ∩ kQ A/ann T . Thus
Therefore, z ∈ I A/ann T .
3.1. Monomial algebras of global dimension two. We start proving that the annihilator of a τ -tilting module over a monomial algebra is an ideal generated by paths.
Lemma 3.4. Let A = kQ/I be a monomial algebra and T be a τ -tilting A-module. Suppose that m i=1 λ i ρ i ∈ ann T , with ρ i non-zero paths of length greater than or equal to two and
T i be a τ -tilting A-module, with each T i an indecomposable A-module,
λ i ρ i in Q, with ρ i non-zero paths from a to c of length greater than or equal to two and λ i ∈ k for i = 1, . . . , m, such that ρ ∈ ann T . Suppose that there exists k ∈ {1, . . . , m} such that ρ k / ∈ ann T . Then, there exists an indecomposable direct summand T h = ((T h ) y , ϕ α ) (y∈Q 0 , α∈Q 1 ) of T such that ρ k / ∈ ann T h and, therefore ϕ ρ k = 0.
Let S(x) be a direct summand of top T h such that there exists a non-zero path γ from x to a and ϕ ρ k ϕ γ = 0. Let {m x 1 , . . . , m x dx } be a basis for (T h ) x as a vector space. As in the proof of Proposition 3.1, we can consider a minimal projective presentation of T h as follows:
such that f (e x ) = m x 1 and f (ǫ) = ϕ ǫ (m x 1 ) if ǫ is a path in Q starting in x. Since A is a monomial algebra and
f (γρ) = ϕ ρ ϕ γ = 0ϕ γ = 0. Next, we show that γρ / ∈ rad(kerf ). We recall that the morphisms in the representation of the kerf are the restriction of the morphism in the representation of P 0 , and therefore they consist in the multiplication by the correspondent arrows. Then, if γρ ∈ rad(kerf ), there exists ω y ∈ (ker f ) c such that
The equation (5) define a relation γρ− β:y→c ω y β in I with γρ = 0 which is not monomial, getting a contradiction because A is a monomial algebra. Therefore, γρ / ∈ rad (ker f ). Hence, S(c) is a direct summand of top T h and P (c) is a direct summand of P 1 .
As in the proof of Proposition 3.1, if P (c) is a direct summand of P 1 we can construct a morphism θ : P 1 → T h which does not factorize through g, a contradiction to Proposition
Remark 3.5. Observe that if A = kQ/I is a monomial algebra of global dimension two, with I =< ρ > there is no path of the form γ 1 γ 2 γ 3 , with γ 1 , γ 2 , γ 3 non-trivial paths, such that γ 1 γ 2 and γ 2 γ 3 are the only zero-relations in A contained in the path. Indeed, assume that there exists such a path in A. Denote x = s(γ 1 ) and ( Q, ρ) the universal cover of (Q, ρ) with Φ : Q → Q. Then there exists in Q two relations r * 1 , r * 2 associated to x * , with Φ(x * ) = x, such that Φ(r * 1 ) = γ 1 γ 2 , Φ(r * 2 ) = γ 2 γ 3 and s(r * 1 ) < s(r * 2 ) < e(r * 1 ). Then by Theorem 1.2, we have that pd
S(x * ) ≥ 3 . Thus, pd A S(x) ≥ 3 which is a contradiction. Now we are in position to prove Theorem C. Theorem 3.6. Let A = kQ/I be a monomial algebra of global dimension two, T be a τ -tilting A-module and B = End A T . Then gldim B < ∞.
Proof. Assume that gldim B = ∞.
Since T is a tilting A/ann T -module, then gldim A/ann T = ∞.
By Proposition 3.1 and by Lemma 3.4 we know that ann T is generated by paths. Thus, A/ann T is a monomial algebra. Since gldim A/ann T = ∞, there exists a vertex v 0 ∈ Q 0 such that pd A/ann T S(v 0 ) = ∞. By Proposition 1.3 and Remark 1.4 there exists a sequence of relations associated to v 0 , r 1 , . . . , r k which ends in a cycle ρ = α 1 . . . α n , with α i ∈ (Q A/ann T ) 1 for i = 1, . . . , n and s(α 1 ) = e(α n ). We denote by r ′ 1 , r ′ 2 , . . . , r ′ h the subsequence of relations that go through the cycle, with r ′ j = γ j γ j+1 , γ j non zero paths for j = 1, . . . , h and r h = γ h γ 1 , with γ 1 a subpath of γ 1 .
Given r ′ j in this subsequence, then either r ′ j is a zero-relation of A or is a relation of A/ann T which is not a relation in A. We claim that none relation r ′ j belong to A. In fact, assume that there exists j such that r ′ j is a zero-relation in A. Then if r ′ j−1 is a zerorelation in A, by Remark 3.5 we get that pd A S(x j−1 ) ≥ 3, where x j−1 = s(r j−1 ), which is a contradiction. Thus, r j−1 is not a relation in A. Then, by Proposition 3.1 there exists γ a non-zero path in A such that γr ′ j−1 is a monomial relation in A. Thus, pd A S(x) ≥ 3, with x = s(γ), which is a contradiction. Hence, none r ′ j belong to A. Since A is a finite dimensional algebra and there is a cycle in Q, it must exist a monomial relation λ ∈ I which starts and ends in the vertices of the cycle. Since the sequence of relations r ′ 1 , . . . , r ′ h go through the cycle ρ, there exist l ∈ {1, . . . , h} and ν non-zero paths such that r ′ l = r ′′ 1 ν and λ = νλ ′ . Let γ ′ be a non-zero path in A such that γ ′ r l is a zerorelation in A. Then, pd A S(y) ≥ 3 with y = s(γ ′ ) which is a contradiction. Therefore, gldim A/ann T < ∞ and gldim B < ∞.
In the above theorem we show that if A is a monomial algebra with global dimension two, then gldim B < ∞, where B = End A T and T is a τ -tilting A-module. A natural question is if there exists an explicit bound for gldim B.
In the next example, we show that the above question is not true. More precisely, if we fix a bound l then we can construct an algebra A and a τ -tilting module T such that gldim End A T = n, with n > l.
Example 3.7. Consider the algebra A n = kQ n /I n , where, for each n, Q n is the following quiver:
y y a n−1 γ n−1 y y and I n =< γ i α i α i+1 | i = 1, . . . , n − 1 >. Since A is a triangular monomial algebra, by [G] , we know that gldim A = 2. Consider the following module
where S(a j ) is the simple at the vertex a j , P (n) and P (n + 1) are the projective modules corresponding to the vertices n and n + 1, respectively, and
and, for each δ ∈ (Q n ) 1 , the morphism ϕ a j δ is:
Let P (j) → P (a j ) → S(a j ) → 0 be the minimal projective presentation of S(a j ). Then we get the following exact sequence:
Thus, we have that
for each x ∈ (Q n ) 0 and the morphism is
for each δ ∈ (Q n ) 1 . It follows that Hom A (T, τ A T ) = 0 . Thus, since |T | = n − 1 + n − 1 + 2 = n we obtain that T is a τ -tilting module. Finally we compute End A (T ).
Observe that dim k Hom A (T a j , T a j−1 ) = 1 and dim k Hom A (T a j , T a j−2 ) = 0. On the other hand, there is only one linear independent morphism from T (a j ) to S(a j ), let say f j , and there is only one linear independent morphism from T (a j ) to S(a j−1 ) which factors through f j . Furthermore, dim k Hom A (P n , T n−1 ) = 1, dim k Hom A (P n+1 , P n ) = 1 and dim k Hom A (P n+1 , T n−1 ) = 1. Then, B = End A (T ) is given by the following quiver and I ′ n =< β i β i+1 , i = 1, . . . , n − 1 >. Hence, by [G] we get that gldim B = n.
3.2.
Special biserial algebras of global dimension two. In this section, we start proving that the annihilator of a τ -tilting A-module over a special biserial algebras is generated by paths.
Lemma 3.8. Let A = kQ/I be a special biserial algebra and T be a τ -tilting A-module. Assume 0 = p + q ∈ ann T , with p, q non-zero paths of length greater than or equal to two. Then p ∈ ann T and q ∈ ann T .
T i be a τ -tilting A-module, with T i indecomposable A-modules, for i = 1, . . . , n. Consider p + q ∈ ann T , with p, q non-zero paths in Q from a to b. Assume that p / ∈ ann T . Then, there exists
be a direct summand of top T h such that there exists a non-zero path γ from x to a and ϕ p ϕ γ = 0. Then ϕ q ϕ γ = 0. Since A is a special biserial algebra if γp = 0 then γq = 0. Thus, ϕ q ϕ γ = 0 which is a contradiction. Hence, S(a) is a direct summand of top T h .
Let {m a 1 , . . . , m a da } be a basis for (T h ) a . As in the proof of Proposition 3.1, we consider
Let us prove that p + q / ∈ rad(kerf ). Suppose that p + q ∈ rad(ker f ). Since the morphisms in the representation of kerf are the multiplication by arrows, then there exists ν y ∈ (kerf ) b such that
The equation (6) define a relation in A which has more than three branches and p + q = 0, which is a contradiction because A is special biserial. Thus, p + q / ∈ rad(ker f ). Hence, S(b) is a direct summand of top (ker f ) and P (b) is a direct summand of P 1 .
As in the proof of the Proposition 3.1, if P (b) is a direct summand of P 1 we can construct a morphism θ : P 1 → T h which does not factor through g which is a contradiction. Therefore, if p + q ∈ ann T then p ∈ ann T and q ∈ ann T . Remark 3.9. As a consequence of Lemma 3.8, we get that if A is a special biserial algebra and T is a τ -tilting module (which is not tilting), then ann T is generated by paths of length greater than or equal to one. Proposition 3.10. Let A = kQ/I be a special biserial algebra such that gldim A = 2 and T be a τ -tilting A-module. Then A/ann T satisfies (GD1) and (GD3), stated in Theorem 1.6. Proof. By Lemma 3.8, the annihilator of T is generated by paths. Then, A/ann T has at least the same binomial relations that A. By Theorem 1.6, we have that A satisfies (GD1) and thus, A/ann T satisfies (GD1).
Let (αpβ, γqδ) be a binomial relation in A/ann T . Consider u a non-zero path in A/ann T such that e(u) = s(α), uαp = 0, uγq = 0 and minimal in the sense that if u ′ is a subpath of u then u ′ αp = 0 or u ′ γq = 0. We write u = ρ 1 . . . ρ k with ρ i an arrow for each i = 1, . . . , k. Since A is special biserial then ρ k α = 0 or ρ k γ = 0. Without loss of generality, assume that ρ k α = 0. Then there exists a relation λ in A/ann T contained in uγq. Since A satisfies (GD3) then λ is not a relation in A. Thus, since A satisfies (GD1), by Proposition 3.1 there exists a non-zero path λ 1 of length greater than or equal to one such that λ = λ 1 λ is a zero-relation in A.
Since u = 0 and γq = 0 then λ contains al least the path uγ (it must contain u, because if not it is a contradiction to the minimality of u). Consider u = λ 1 u. Since λ is a zerorelation, then u = 0. Hence, we have that uαp = 0 in A and uγq = 0 in A, which is a contradiction because A satisfies (GD3). Now, if we consider v a non-zero path in A/ann T such that s(v) = e(β), with similar arguments as above it is not hard to see that if pβv = 0 then qδv = 0. Therefore, A/ann T satisfies (GD3).
Remark 3.11. Let A = kQ/I be a special biserial algebra such that gldim A = 2. The following quivers could not be subquivers of Q. a) A binomial relation (αpγ, βqδ) such that s(α) = e(γ).
If there exists such a binomial relation, since A is special biserial, the following conditions are satisfied:
(δα = 0 or δβ = 0) and (γα = 0 or γβ = 0) and (γα = 0 or δα = 0) and (γβ = 0 or δβ = 0).
Suppose that γα = 0 and δβ = 0. Let u = αp ′ γ = 0. Then uαp ′ = 0 and uβq ′ = 0 which is a contradiction since A satisfies (GD3). A similar analysis hold if we consider the other cases.
b) A subquiver of the form:
. . . . . .
• αn 8 8 ▲ ▲
• βm x x r r
• ρ • with γβ 1 = 0 and α n ρ = 0. Indeed, considering p 1 = γα 1 . . . α n−1 , p 2 = α n and p 3 = ρ we obtain that p 1 p 2 and p 2 p 3 are the only zero-relations contained in the path p 1 p 2 p 3 , which is a contradiction since A satisfies (GD2). c) The end-point of a zero-relation ρ 1 . . . ρ n in A could not be the start-point of two arrows α, β. Indeed, since A is special biserial then ρ n α = 0 or ρ n β = 0. Thus, taking the paths p 1 = ρ 1 . . . ρ n−1 , p 2 = ρ n and p 3 = α (or p 3 = β), we get a contradiction since A satisfies (GD2).
In order to prove the main result of this section, first we give some lemmas.
Lemma 3.12. Let A = kQ/I be a special biserial algebra such that gldim A = 2, T be a τ -tilting module and a ∈ (Q A/ann T ) 0 . Assume that in the vertex a only starts a binomial relation. Then pd A/ann T S(a) ≤ 2.
Proof. Let a ∈ (Q A/ann T ) 0 be a vertex such that only starts a binomial relation (αp, βq) in a, with α, β ∈ (Q A/ann T ) 1 and p, q non-trivial paths. The projective cover of S(a) is P (a) and rad P (a) = M (pq −1 ). We claim that pd A/ann T M (pq −1 ) ≤ 1. In fact, by [HL, Lemma 2.5] , it is enough to show that pq −1 does not satisfy (P D1), (P D2), (P D3) and (P D4). Since A/ann T satisfies (GD1) and (GD3), we have that (P D4) and (P D3) are not satisfy, respectively. If (P D1) holds, then there exists an arrow λ such that λ −1 pq −1 is a reduced walk. Since A is special biserial, there exists a zero-relation αλ starting in a, a contradiction. Similarly, we get that (P D2) is not possible. Thus, pd A/ann T M (pq −1 ) ≤ 1. Therefore, pd A/ann T S(a) ≤ 2.
Lemma 3.13. Let A = kQ/I be a special biserial algebra such that gldim A = 2, T be a τ -tilting module and a ∈ (Q A/ann T ) 0 . Assume that a is not the start-point of a binomial relation. Then pd A/ann T S(a) ≤ 4.
Proof. Consider a ∈ (Q A/ann T ) 0 such that a is not the start-point of a binomial relation and pd A/ann T S(a) ≥ 5. Then we have a subquiver as follows:
with α 1 , β 1 ∈ (Q A/ann T ) 1 and u, v paths. Then the projective cover of S(a) is P (u −1 α −1 1 β 1 v). We have the following exact sequence:
If u is a trivial path then e(α 1 ) is not the start-point of a binomial relation, because A/ann T satisfies (GD3).
Assume that u is not a trivial path and e(α 1 ) is the start-point of a binomial relation (uu 2 , β 2 v 2 ), with β 2 ∈ (Q A/ann T ) 1 and u 2 , v 2 paths of length al least one. Observe that, since A/ann T satisfies (GD3), u 2 is an arrow. Then, we have the following exact sequence:
is not a projective module. Then, there exists ρ ∈ (Q A/ann T ) 1 such that either ρ −1 v 2 is a reduced walk or v 2 ρ is a reduced walk (observe that s(v 2 ) is not the start-point of a binomial relation because A/ann T satisfies (GD1)).
Assume that there exists ρ ∈ (Q A/ann T ) 1 such that ρ −1 v 2 is a reduced walk. Then since α 1 u = 0 in A and β 2 v 2 = 0 in A we get that α 1 β 2 = 0 in A and β 2 ρ in A which is a contradiction since A satisfies (GD2). Then, there exists ρ ∈ (Q A/ann T ) 1 such that v 2 ρ is a reduced walk. Since v 2 ρ = 0 in A, then u 2 ρ must be zero in A. Since α 1 β 2 = 0 in A, by Remark 3.11 we get a contradiction.
Therefore, e(α 1 ) is not the start-point of a binomial relation. Since pd A/ann T M (u) ≥ 4, there exists either β 2 ∈ (Q A/ann T ) 1 such that β −1 2 u is a reduced walk or u ′ 2 ∈ (Q A/ann T ) 1 such that uu ′ 2 is a reduced walk. with v 1 and u 2 paths. Then, we have the following exact sequence:
is the projective cover of M (u) and M (v 1 ) = 0 or M (u 2 ) = 0. Without loss of generality, assume that M (u 2 ) = 0 and pd A/ann T M (u 2 ) ≥ 3. Observe that, in this case, there exists a zero-relation r 1 = α 1 uu ′ 2 in A/ann T (u could be a trivial path). According to Lemma 3.3, we have three possibilities: r 1 is a relation in A, there exists a non trivial path γ such that γr 1 is a zero-relation in A or there exist paths ρ, p such that (ρr 1 , p) is a binomial relation in A (observe that ρ could be a trivial path). zero-relation in A. Since A satisfies (GD3) and (GD1), then r 4 is not related neither with a zero-relation in A nor a binomial relation in A, which is a contradiction. Therefore, M (u 4 ) is a projective module and pd A/ann T S(a) ≤ 4.
Finally, assume that there exists a non-trivial path γ such that (γr 2 , λ 1 pλ 2 ) is a binomial relation in A. Since A is special biserial and γr 2 = 0, we get that u is a trivial path and r 1 = α 1 u ′ 2 . Clearly, e(u ′ 3 ) is not the start-point of a binomial relation because A satisfies (GD1). Since M (u 3 ) is not a projective module there exists either β ∈ (Q A/ann T ) 1 such that β −1 4 u 3 is a reduced walk or u ′ 4 ∈ (Q A/ann T ) 1 such that u 3 u ′ 4 is a reduced walk. Suppose that there exists β such that βu 3 is a reduced walk. Then there exists a zero-relation r 3 contained in the path u 2 u ′ 3 β that contains the path u ′ 3 β. Since A satisfies (GD1) and (GD3), r 3 is a zero-relation in A of length two. Then r 3 = u ′ 3 β. Moreover, for this case there is no u ′ 4 such that u 3 u ′ 4 is a reduced walk in A/ann T because A satisfies (GD1) and (GD3). Then we get the following exact sequence:
Since r 3 is a zero-relation in A, then e(β) is not the start-point of two arrows. Since M (v) is not a projective module, there exists u ′ 5 ∈ (Q A/ann T ) 1 such that vu ′ 5 is a reduced walk. Then there exists a zero-relation r 4 = βvu ′ 5 . The relation r 4 is not a relation in A since gldim A = 2. On the other hand, since A satisfies (GD3) and (GD1), r 4 is neither related with a zero-relation in A nor with a binomial relation in A. Therefore, M (v) is projective and pd A/ann T S(a) ≤ 4. Similarly, if there exists u ′ 4 ∈ (Q A/ann T ) 1 such that u 3 u ′ 4 is a reduced walk. Hence, if r 1 is a zero-relation in A then pd A/ann T M (u 2 ) ≤ 2.
In the other cases for r 1 , a similar analysis as above, allow us to get the result. Therefore, pd A/ann T S(a) ≤ 4.
Lemma 3.14. Let A = kQ/I be a special biserial algebra such that gldim A = 2, T be a τ -tilting A-module and a ∈ (Q A/ann T ) 0 such that a is the start-point of a binomial relation and the start-point of a zero-relation. Then pd A/ann T S(a) ≤ 4.
Proof. Let a ∈ (Q A/ann T ) 0 such that a is the start-point of a binomial relation (α 1 p 1 , β 1 q 1 ), with α, β ∈ (Q A/ann T ) 1 and p, q non-trivial paths and where a is also the start point of a zero-relation. Assume that pd A/ann T S(a) ≥ 5. Then, we have a subquiver as follows: 1 )) ≥ 4, either pd A/ann T M (p 2 ) ≥ 3 or pd A/ann T M (q 2 ) ≥ 3. Without loss of generality, suppose that pd A/ann T M (p 2 ) ≥ 3. Then we have a zerorelation r 1 = α 1 α 2 in A. Then e(α 2 ) is not the start-point of two arrows. Since M (p 2 ) is not a projective module there exists α 3 ∈ (Q A/ann T ) 1 such that p 2 α 3 is a reduced walk in A/ann T . We have the following exact sequence:
where P (p 2 α 3 p 3 ) is the projective cover of M (p 2 ). Then there exists a zero-relation r 2 = α 2 p 2 α 3 in A/ann T . Since A satisfies (GD2), then r 2 is not a zero-relation in A. Since A satisfies (GD1), then r 2 is not a maximal subpath of a binomial relation in A.
Assume that there exists a non-trivial path γ such that γr 2 is a zero-relation in A. Since e(α 3 ) is the end-point of a zero-relation in A, then e(α 3 )is not the start-point of two arrows. Since M (p 3 ) is not a projective module, there exists α 4 ∈ (Q A/ann T ) 1 such that p 3 α 4 is a reduced walk. Then there exists a zero-relation r 3 in A/ann T contained in the path p 2 α 3 p 3 α 4 that contains the path α 3 p 3 α 4 . Let r 3 = p 2 α 3 p 3 α 4 , with p 2 = p 2 p 2 . Since gldim A = 2, then r 3 is not a zero-relation in A. Suppose that there exists a non-trivial path ρ such that ρr 3 is a zero-relation in A. Then ρr 3 is a zero-relation in A of length at least three and α 2 p 2 α 3 = 0, a contradiction since A is special biserial. Next, assume that (r 3 , λ 1 qλ 2 ) is a binomial relation in A. Since α 2 p 2 r 3 = 0 in A we get that α 2 p 2 λ 1 is zero in A. Therefore, considering the path γα 2 p 2 we get a contradiction because A satisfies (GD3). Finally, assume that there exists a non-trivial path θ such that (θr 3 , λ 1 qλ 2 ) is a binomial relation in A. Then θ is a subpath of γα 2 p 2 and we get a contradiction since A satisfies (GD3). Therefore, M (p 3 ) is a projective module and pd A/ann T M (p 2 ) ≤ 1.
Finally, assume that there exists a non-trivial path γ such that (γr 2 , λ 1 qλ 2 ) is a binomial relation in A. Then with similar analysis as we did in the proof of Lemma 3.13 we conclude that pd A/ann T M (p 2 ) ≤ 2.
Therefore, pd A/ann T S(a) ≤ 4.
As an immediate consequence of Lemma 3.12, Lemma 3.13 and Lemma 3.14 we get the main result of this section.
Theorem 3.15. Let A = kQ/I be a special biserial algebra such that gldim A = 2 and T be a τ -tilting A-module. Then gldim A/ann T ≤ 4.
The following example shows that the bound given by Theorem 3.15 for the global dimension of A/ann T is minimum.
